BRAUER GROUP OF MODULI OF PRINCIPAL BUNDLES OVER A 

CURVE 
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Abstract. Let G be a semisimple linear algebraic group defined over the field C, and 
let C be an irreducible smooth complex projective curve of genus at least three. We 
compute the Brauer group of the smooth locus of the moduli space of semistable principal 
G-bundles over C. We also compute the Brauer group of the moduli stack of principal 
G-bundles over C. 



1. Introduction 

The base field will always be C. Let y be a smooth quasiprojective variety, or more 
generally, a smooth algebraic stack. Using the isomorphism C'^C''' = C"*"', we have a ho- 
momorphism PGL(r, C) X PGL(r', C) — > PGL(rr',C). So a principal PGL(r, C)-bundle 
P and a principal PGL(r', C)-bundle P' on Y together produce a principal PGL(rr', C)- 
bundle on Y, which we will denote by P P'. The two principal bundles P and P' are 
called equivalent if there are vector bundles V and V on Y such that the principal bundle 
P ® F{V) is isomorphic to P' ® P(V^'). The equivalence classes form a group which is 
called the Brauer group of Y. The addition operation is defined by the tensor product, 
and the inverse is defined to be the dual projective bundle. The Brauer group of Y will 
be denoted by Br(F). 

Let C be an irreducible smooth complex projective curve such that genus(C) > 3. Fix 
a line bundle L over C of degree d. Let M(r, L) be the moduli space of stable vector 
bundles E over C of rank r with /\^ E = L. The Brauer group Br(M(r, L)) is cyclic of 
order g.c.d.(r , degree(L)) |BBGN] . A generator for Br(M(r, L)) is obtained by restricting 
the universal projective bundle over C x M(r, L) to {xq} x M(r, L), where Xq E C is some 
fixed point. The Brauer group of the smooth locus of stable principal PGL(r, C)-bundles 
over C was computed in |BHg . 



Let G be a semisimple linear algebraic group. Let Aic{G) be the moduli stack of 
principal G-bundles on C. The coarse moduli space of semistable principal G-bundles 
on G will be denoted by M^^(G). Let 

MciCy C M^^(G) 

be the smooth locus. It is known that Mc{Gy^ coincides with the locus of regularly stable 
principal G-bundles on G (a stable principal G-bundle Eq is called regularly stable if 
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the natural homomorphism from the center of G to the group of automorphisms of Eg is 
surjective). Our aim here is to compute the Brauer groups of MciGY^ and A^c(G'). 

We prove the following theorem (see Theorem 14. II and Corollary 16. 5p : 

Theorem 1.1. Assume that G is semisimple and simply connected. Then the Brauer 
group of Aic{G) is trivial, and the Brauer group Br[Mc{Gy^) is the group of characters 
Zq of the center Zq C G. 

If G is not simply connected, then the Brauer group of the moduli stack AiciG) is 
computed in Theorem 17.41 (in conjunction with Proposition I7.3p . The Brauer group of 
Mc{Gy^ is computed in Theorem 16.31 

We will describe a corollary of these computations. 

Let Zq be the center of the universal cover G of G. Define 

^(G) C llom{ZQ(g)zZQ,Q/Z) 

as in (16. 9p . Given an element 6 G 7ri(G) C Zg, define 

ev^ : ^(G) ^ Hom(Zg/7ri(G),Q/Z) 

as in (16.1 op . The connected components of both A4c{G) and Mq{G) are parametrized 
by 7!'i{G). For any 6 G vri(G), let Aic{GY C A^c'(G) be the connected component 
corresponding to 6. Let Mc{G)^'^^ be the smooth locus of the connected component, 
corresponding to 6, of the moduli space M^{G). 

We prove the following (see Corollary 17. 6p : 

Theorem 1.2. There is a short exact sequence 

Coker(ev^) — > Br(Mc(G)^''^') Bi{Mc{GY) 0. 

The Brauer groups for the moduli spaces of principal bundles with a classical group 
as the structure group are computed in Section [HI As a consequence, the twisted moduli 
space of Sp2„(C)-bundles is locally factorial if n is odd, and it is not locally factorial n is 
even. (See Corollary 18.21 ) 

We note that among the exceptional groups, G2, -Rt and i^g have the property that the 
center is trivial. Therefore, from Theorem II. II it follows that for these three groups 

Br(A^c(G')) = = Bi{Mc{Gy') . 
Acknowledgements. We are grateful to the referee for providing helpful comments. 

2. Preliminaries 

As mentioned before, the base field is C. For an algebraic stack y, the torsion 
group H?^(Y, Gm)torsion IS Called the cohomological Brauer group of Y. A theorem of 
Grothendieck says that if y is a smooth variety, then H?^{Y, G^) is torsion [Mi]. If Y is 
a quasiprojective variety, then a theorem of Gabber says that H?^(Y, Gm)torsion coincides 
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with the Brauer group defined by the Morita equivalence classes of Azumaya algebras 
over Y] see |dJt Theorem 1.1] for this theorem of Gabber. 

As mentioned in the introduction, we are interested in computing the Brauer groups of 
the moduli stack of principal G-bundles as well as the smooth locus of the moduli space of 
semistable principal G-bundles over a smooth projective curve. Since the smooth locus of 
the moduli space is a smooth quasiprojective variety, the above theorems of Grothendieck 
and Gabber imply that all the above three groups associated to it coincide. 

For algebraic stacks, we will only consider the cohomological Brauer group. It should 
be mentioned that the moduli stack of principal G-bundles over a smooth projective curve 
is smooth. 

Proposition 2.1. Let Y be an algebraic stack satisfying the following two properties: 

• any class in H^{Y, Z) is represented by a holomorphic line bundle on Y , and 

• each holomorphic line bundle on Y admits an algebraic structure. 

Then there are isomorphisms 

H ^liY^Gsm) torsion = H (Y, 0x,an)torsion = ^bO^^ ^) torsion ■ 

Proof. For finite coefficients, we have a comparison isomorphism between the etale coho- 
mology and the Betti cohomology. Let /i„ C C* be the group of n-th roots of 1. By the 
Kummer sequence, any element in Hl^iY, Gm)torsion (respectively, Hl^{Y, Cy_an)torsion) is 
represented by a class in H?^{Y, fin) (respectively, H^{Y, Z/nZ)) for some n. This implies 
the surjectivity of the homomorphism 

H^l(Y, Gm)torsion ^ H (Y, C^y^an ) torsion ; 

while its injectivity follows from the assumptions by a straight-forward diagram chase. 
The second isomorphism in the proposition is derived using the exact sequence 

^ Z ^ Oy,an ^ ^y.an 

associated to the homomorphism / i — > exp{2TTy/—lf). □ 



See [Net P- 25, Theorem 1] for a similar result. 

3. The ind-Grassmannian and Lc{G) 

Let G be a connected semisimple linear algebraic group over C. Let 

G ^ G 

be the universal cover. The fundamental group of G will be denoted by 7ri(G); being 
abelian 7ri(G) is independent of the choice of base point in G. Let 

L{G) := G((t)) and L+(G) := G[[t]] 

be the loop group and its naturally defined subgroup scheme respectively. Let 

Qg := L(G)/L+(G) 
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be the ind-Grassmannian; it is a direct limit of projective integral varieties. 

Let C be an irreducible smooth complex projective curve with genus(C) > 3. Fix a 
base point pq G C. Let 

(3.1) Lc{G) := G{0{C-p,)) C L{G) 

be the sub-ind-group scheme. 

Let M.c{G) be the moduli stack of principal G-bundles on C. The "Uniformization 
theorem" produces a canonical isomorphism 

Lc{G)\L{G)/L+{G) = Lc{G)\Qg ^ Mc{G) 

ULs]. 

Proposition 3.1. The cohomological Brauer group Hj^lQc OQ^)torsion of Qg is trivial. 
Proof. We begin by recalling a lemma from jBLS] (see |BLSt p. 185, Lemma 1.2]). 
Lemma 3.2 ( |BLSj ). The quotient map L{G) — > Qg induces a bijection 

7ri(G) = 7ro(L(G)) ^ MQg). 

Each connected component of Qg is isomorphic to Qq, where G is the universal cover of 
G. 

In view of Lemma 13^ it is enough to prove the proposition for simply connected groups. 

First assume that the group G is almost simple and simply connected. 

Fix a Borel subgroup B G G together with a maximal torus T C B oi G. The 
homomorphism of rings C[[t]] — > C defined by t i — > induces a homomorphism 
L+{G) G. Let 

B C L+(G) 

be the inverse image of the Borel subgroup B under this homomorphism. We recall 
that B is called the standard Borel subgroup of L{G) associated to B. Let N{T) be the 
normalizer of T in G. Let 

W := Mor(C*,Ar(T))/T 

be the affine Weyl group containing the Weyl group W = N(T)/T as a subgroup (the 
constant morphisms from C* to N{T) make N{T) a subgroup of Mor(C*, A^(T))). 

The ind-Grassmannian Qg has the Bruhat decomposition 

Qg= [j Bw'L-^iG)/L+iG), 

w£W/W 

where w' E W is any chosen representative of w. The quotient space W /W has a partial 
ordering inherited from the Bruhat partial ordering of the affine Weyl group W. This 
makes Qg a direct limit of projective varieties {Qw}y^(zw/w^ where 

(3.2) := [jBvL+{G)/L+iG). 
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For any w G W/W, consider the length of every element in the coset w. The smallest 
one among them will be denoted by i{w). 

The generalized Schubert variety in (13. 2p has a Zariski open subset defined by 
Bw (G) / (G) which is biregularly isomorphic with the affine space A^^'^\ where £{w) 
is defined above. As a result, equipped with the analytic topology has the structure 
of a CW complex with only even dimensional cells. Hence H^{Qw, Z) = 0. This implies 
that 

H^Qg, Z) = 

because Qg is a direct limit of these varieties Qw In particular, 

(3.3) H'^{Qw, Z)torsion = = H^{Qg, Z) torsion • 

Similarly, we have 

(3.4) H\Qg, Z) = 0. 

Both Qyj and Qg satisfy the two assumptions in Proposition 12.11 [KN, p. 157, Lemma 
2.2]. Therefore, the proposition follows from Proposition 12. II and (13.31) under the assump- 
tion that G is almost simple and simply connected. 

In the general case where G is semisimple and simply connected, write G as a product 

s 

G = n^., 

i=l 

where each Gi is almost simple and simply connected. This enables us to write the 
ind-Grassmannian Qg as a product 

s 

2g = n , 

i=l 

where Qg^ is the ind-Grassmannian for Gi. In view of (13.31) and (13. 4p for Gj, from the 
Kiinneth decomposition of -^^^(11^=1 Qgh ^) we conclude that H^{Qg, Z)torsion = 0. The 
two conditions in Proposition 12.11 hold for Qg |KN[ p. 157, Lemma 2.2]. Now the proof 
of the proposition is completed using Proposition I2.1[ □ 

3.1. Some properties of Lc{G). Let G be semisimple and simply connected. The 
topological properties of the ind-group scheme Lc{G) that we need can be derived from 
the following theorem of Teleman ([Te, p. 8, Theorem 1]): 

Theorem 3.3 ( |Tej ) . The natural map Lc{G) — > G°°{G\ {po},G) defines a homotopy 
equivalence. Hence the homotopy type of Lc{G), equipped with the analytic topology, is 
that ofGx VLG'^ii. 

The connectedness and simply connectedness of Lg{G) follow immediately from Theo- 
rem [3]3l 

Proposition 3.4. Let G he semisimple and simply connected. Let BLc{G) he the classi- 
fying space for LciG). Then 
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(1) H\BLc{G), Z) = 0, 

(2) H^{BLc{G), Z/nZ) = for alln, and 

(3) H\BLc{G), e) = 0. 

Proof. The group H^{BLc{G), Z) parametrizes the space of all continuous homomor- 
phisms from Lc{G) to Z. So H^{BLc{G), Z) is trivial by the connectedness of Lc{G). 

The connectedness of Lc{G) also implies that tii{BLc{G)) = 71q{Lc{G)) = 0. The 
simply connectedness of Lc{G) implies that 7T2{BLc{G)) = 7ri(Lc(G)) = 0. Hence 
statements (2) and (3) of the proposition follow from the Hurewicz's theorem. □ 

4. Brauer group of moduli: G is simply connected 

Theorem 4.1. Let G be simply connected and semisimple. Then Br(A^c'(G')) = 0. 

Proof. The descent spectral sequence for the principal Lc (G')-bundle Qg — >■ Aic{G) 
gives the following exact sequence in the analytic topology: 

(4.1) H\BLciG), C*) H\Mc{G), O*) A H\BLc{G), H\Qg,0*)) 

— > H\BLc{G), C*) ]Leine\[H\Mc{G), O*) ^ H\BLc{G), H\Qg,0*))] 

H\BLciG),H\QG,0*)); 
cf. [Mil p. 371, Corollary 3.2] (see also [El P- 10, (1.9)], [Te, p. 27, (5.5)]). 

Let s be the number of almost simple factors in the product decomposition of G. We 
have HKQg, 0^^)torsion = by Proposition O Also, H\Qg, O*) ^ Z^ [BLSl P- 186, 
Lemma 1.4]. Therefore, from Proposition 13.4( 1). 

(4.2) H'iBLciG), H\Qg, 0*qJ) = = H\BLc{G), H\Qg, 0*qJ) . 
The homomorphism of the Picard groups 

(4.3) 9 : FiciMciG)) — ^ Pic(QG) = 

in (14. ip has a finite cokernel [BLSt p. 187, Proposition 1.5], in particular, this cokernel is a 
torsion group. Since H'^{BLg{G), C*) = (see Proposition 13.4( 3)). from (14. ip it follows 
that 9 in (14. 3 p is actually surjective. Therefore, using (14. 2p . from (14. ip we conclude that 

H\Mc{G), O*) = H\BLc{G), C*) = 0. 

Now we apply Proposition 12.11 to the stack Ji4c{G); from \Te\ p. 26, Proposition 5.1] and 
|Tel p. 26, Remark 5.2] it follows that the two conditions in Proposition 12. II are satisfied. 
Therefore, we conclude that Br(A^c'(G')) = 0. □ 

Remark 4.2. It should be pointed out that the above arguments involving sheaves in 
analytic topology can be replaced by an argument which uses only constant sheaves in Eu- 
clidean topology. Using the exponential sequence, the Brauer group Br(X) for any X can 
be expressed as the quotient of H^{X, C*) by the image of H'^{X, C). The isomorphism 

H\Mc{G), C) ^ H\Q{G), C) 
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simplifies the terms in the descent spectral sequence associated to the constant sheaf C*. 
Let 

ZgCG 

be the center. Let M^{G) be the coarse moduli space of semistable principal G-bundles 
over C. The smooth locus of Mq(G) is the locus of regularly stable principal G-bundles 
over C |BHf2t Corollary 3.6]. We recall that a principal G-bundle E is called regularly 
stable if E is stable, and the natural homomorphism Zq — > Aut(E) is surjective (the 
restriction to Zq of the action of G on produces this homomorphism). Let 

Mc{GY'' C Mc{G) 

be the open sub-stack defined by the regularly stable bundles |BHfH Lemma 2.3]. Let 

(4.4) p : Mc{Gy' MciGf 

be the morphism to the coarse moduli space, so Mc{Gy^ is the moduli space of regularly 
stable principal G-bundles over C. As noted above, Mc{Gy^ is the smooth locus of 
Mh^G). 

Proposition 4.3. ^45 before, G is semisimple. 

(1) Aic{Gy^ is an open sub-stack of the moduli stack Aic{G), and the complement 
of it in Aic{G) is of codimension at least two. 

(2) The morphism p in (14. 4 p defines a gerbe over Mc{Gy^ banded by Zq- 

Proof. See |Fat Theorem II. 6] or Theorem 2.4 of |BHfl] for a proof of the first part. The 
second part is proved in Section 6 of |BHf 1] . □ 

Let 

(4.5) ^ e H\Mc{Gy\ Zg) 
be the cohomology class defined by the gerbe in (14. 4p . 

Let Z he a finite abelian group, and let 

(4.6) a : M — > M 

he a gerbe banded by Z, where M is irreducible. Take any line bundle L over Ai. So L is 
given by a functor Ls from Ai{S) to the groupoid of line bundles on S for every C-scheme 
5*. In particular, Ls defines for every object S in Ai{S) a group homomorphism 

Ls,£ ■■ AntMis){S) AntosiLsiS)) = r{S,0*s). 
The compatibility conditions ensure that the composition 

ZiS) ^ AntMis){£) ^ nS,0*s) 

defines a 1-morphism Z xAi — > Gm x -M. over Ai. As M is connected, and Hom(Z, G^) 
is discrete, this 1-morphism is the pullback of some character x '■ Z — > Gm- We call x 
the weight of L. (See |BHflt Section 6].) 
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Lemma 4.4. Let (3 E H'^{M, Z) he the class of the gerbe in (14. 6 p banded by Z . Then 
there is an exact sequence 

— > Pic(M) ^ Pic{M) ^ Hom(Z, Gm) ^ Br(M) ^ Br(A^) , 

where /3* takes any homomorphism rj : Z — > G-m to the image of (5 under the homo- 
morphism H'^{M, Z) — > H^{M, Gm) induced by rj. 

Proof. This is the Leray spectral sequence for (9^ — > Ai — ^ M. The only points to 
note are that 

and R^atfO)^ is the constant sheaf Hom(Z, Gm)- D 
Theorem 4.5. There is an exact sequence 

— ^ A ^ Hom(ZG, Grn) ^ Bi{Mc{GY') 0, 

where s is the number of almost simple factors in G, p* is the homomorphism of Picard 
groups induced by the morphism p in f l4.4p . wt is the weight map defined above, and ip^, 
is constructed using the class ip in (14. 5p in the obvious way. 

Proof. From Theorem 14.11 and Proposition 14.3( 1) it follows that 'Bi{A4.c{Gy^) = 0. 
Therefore, Lemma [4.41 applied to the gerbe in (14. 4p produces the exact sequence. □ 

5. The twisted case 

In this section the semisimple group G is assumed to be simply connected but the 
moduli stack and moduli space will be twisted (defined below). 

Fix a maximal torus T oi G. As before, the center of G will be denoted by Zq- Let a 
be the rank of G, so a is the dimension of T. 

As before, for any m, let /i^ C C* be the group of all m-th roots of 1. We fix an 
isomorphism 



(5.1) p : T {GraY with p{Zg) = n 



1=1 



Using this isomorphism p, the homomorphism 

{GmY > {GmY 

defined by YYi=i^i ' — ^ nr=i(^«)''' produces an isomorphism 

T/Zg = [GmY/piZG) ^ T. 
Let C{G) denote the quotient of G x T by Zq for the diagonal action. The projections 
q : G{G) T/Zg = T and p : G{G) ^ G/Zg 
induce morphisms of stacks 

(5.2) det : MciGiG)) Mc{T) 
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and 

(5.3) Mc{C{G)) ^ Mc{G/Zg) 
respectively. 

For an element d = (rfi, . . . , da) G Z'^, let Oc{dp) denote the rational point of AiciT) 
defined by {Oc{diPo), Odd^Po))- Define 

(5.4) M^G) := det-\Ocidp)) c MciCiG)) , 
where det is the morphism in (15. 2p . Let 

(5.5) $ : Mt^G) Mc{G/Zg) 
be the restriction of the morphism in (15.31) . 

Take any 6 & Zq- Consider 

p{S) = (ai , ■ ■ ■ ,a^) G (GmT , 
where p is the homomorphism in (15. ip . Take d G Z'^ such that there is an element 

r := (ri,...,r,) G Z'^ 
satisfying the condition that exp(— 27r-\/— Irfj/rj) = for every i G [1 ,0"]. 

The connected components of J^c{G/Zg) are parametrized by 7ri(G/ZG) = Zq (see 
Lemma [3. 2p : recall that G is simply connected. Let 

MciG/ZaY C MciG/Zc) 

be the connected component corresponding to the element 6. Let 

MUG) := <I>-\Mc{G/ZgY) C Mt^{G) 

be the open and closed sub-stack of Ai^iG), where $ is the morphism in (15. 5p . This 
J\4q{G) is called the twisted moduli stack (see |BLSt Section 2]). 

The restriction 

(5.6) <I>|^^(G) : MUG) ^ Mc{G/ZgY 
is surjective. 

The group G/Zg will also be denoted by Gad- The connected components of L(G'ad) 
are parametrized by Zg (see Lemma 13. 2p . Let 

(5.7) (LGad)' C L(Gad) 

be the connected component corresponding to 6. 

The following proposition is proved in |BLSj (see |BLS[ p. 189, (2.4)]): 



Proposition 5.1 ( jBLSj ). For any 5 G Zg, and any C G (LG'ad)^(C), where {LGa,d] 
constructed in (15. 7p . there is a natural isomorphism 



s 



IS 



M'g{G) = {C'LciG)0\Q 



G ■ 
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Proposition 15.11 implies that the of proof of Theorem 14.11 goes through in the twisted 
case being considered. So we have the following theorem: 

Theorem 5.2. For any 6 G Zq, the group By{/Aq{G)) is trivial. 

There is a coarse moduli space M^{GY^ for the open sub-stack of A^^(G) defined 
by the locus of semistable principal C(G)-bundles. There is also an open subscheme 
Mq^GY^ C Mq{GY^ corresponding to the regularly stable principal C((j)-bundles. 

Proposition 5.3. The codimension of the complement of Jvl^^{GY^ in A^^(G') is at least 
two. 

The smooth locus of M^{GY' is Mfj{GY^ ■ 

Proof. Let AA^^{G j ZqY^ be the sub-stack of J^^(j{G j Zq) corresponding to the regularly 
stable principal C(G)-bundles; that it is a sub-stack follows from jBHfll Lemma 2.3]. By 
(Fal Theorem II.6] or jBHfTl Theorem 2.4] it follows that the complement of A1^(G'/Zg)'' 
in AA^(j{G / Zg) has codimension at least two. Taking inverse image for the morphism 
^Iai^(G) (15.61) . the first part of the proposition follows. 

The proof that the smooth locus of M^(G')'' is M^{GY' is identical to that of (BH^ 



Corollary 3.6]. □ 

The morphism to the coarse moduli space 

(5.8) p : M^ciGY' Mf.{GY' 
defines a gerbe banded by Zq- Let 

(5.9) ^ e H\M'c{GY\ Zg) 
be the class of this gerbe. 

Just like Theorem 14. 5t we now have the following moduli space version of Theorem 15.21 

Theorem 5.4. There is an exact sequence 

Vic{M'c{GY') A Vic{M'c{GY') ^ Hom(ZG,G^) A Br(M^(G)'^^) ^0, 

where p is the morphism in (15.81) . wt is the weight defined earlier, and takes a homo- 
morphism t] : Zq — > Gm to the image of ip under the homomorphism H'^{M, Z) — > 
H'^{M, Grn) induced by rj. 

6. Brauer group of moduli: G is not simply connected 

In this section we compute the Brauer group of the moduli stack and also that of the 
smooth locus of the moduli space of principal G-bundles when the semisimple group G is 
not necessarily simply connected. 

Let G be the universal cover of the semisimple group G. The fundamental group tii{G) 
is a subgroup of the center 

Z^ C G. 
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Fix a maximal torus T G G. We fix an isomorphism 

cr 

p : f (G^)- with p(7ri(G)) = llfir, 

i=l 

There is a canonical isomorphism 7ro(A^c;(G')) = 7ro(-L(G')) = 7ri(G'). Take any 

6 e 7ii{G). 

Let 

L{GY C L{G) and Mc{Gf C Mc{G) 

be the connected components corresponding to 6. 

The above notation M.c{GY for a connected component should not be confused with 
the previous notation A^^(G) for a twisted moduh stack. It should also be clarified that 
the twisted moduli stack (or the twisted moduli space) is defined only for simply connected 
groups. 

The following proposition is proved in |BLS] : see |BLSl p. 186, Proposition 1.3]. 

Proposition 6.1. Take any 6 G 7ri(G'). For any ( G L(G)^(C), there is a natural 
isomorphism 

Mc{GY - (r^Lc(G)C)\Qg- 

Let 

(6.1) 4 : Qa ^ ^ciGY 
be the quotient morphism in Proposition 16.11 

Let 

(6.2) g| : Qg -^c(G) 

be the quotient morphism to the twisted moduli stack in Proposition 15.11 There is a 
natural morphism of stacks 

(6.3) 7 : MUG) ^ Mc{GY. 

This morphism 7 takes the semistable locus in Ai^^G) to the semistable locus in Aic{G)^; 
this is an immediately consequence of jRat p. 319, Proposition 3.17]. Hence 7 induces a 
morphism 

(6.4) 71 : M'ciG) Mc{GY 

between the corresponding coarse moduli spaces of semistable bundles. 
Let 

MciGY''"" C Mc{GY 

be the smooth locus; we recall that Mc{G)^'^^ parametrizes the regularly stable bundles 
in Mc{GY (see pTMl Corollary 3.6]). Define the finite group 

(6.5) r := H\G,n,{G)). 
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Lemma 6.2. (1) The morphism Qq in (16. ip factors as follows: 

where (f~ and 7 are defined in (16. 2 p and (16. 3p respectively. 
(2) r/ie restriction of the morphism 71 m (16. 4 p to the Zariski open subset 

defines a principal V -bundle over Mc{GY'^^, where V is defined in (16. 5p . 

Proof. See |BLS1 p. 189, (2.4)] for the first part. The second part follows from the 
definition of regularly stable bundles. □ 

Theorem 6.3. The Brauer group computation for Mc{G)^'^^ and M^{Gy^ are related by 
the following exact sequence: 

H\r, C*) — y H\Mc{GY''\ O*) — y H\M^{Gy', O*) 

H\T, C*) Bt{Mc{GY''') — ^ BT{Ml:{Gy') ^ 0. 

Proof. Consider the open subset -f^\Mc{GY''') C M^iGy" in LemmaE^l We will show 
that its complement is of codimension at least two. For that first note that the morphism 
7i in (16. 4p is finite because for any ample line bundle Lq on M^i^GY^, the pullback ■ylLo 
is ample. Therefore, the fact that the codimension of the complement of the open subset 
Mc^GY'"^^ C Mc{G) is at least two implies that the codimension of the complement of 
7f ^(Mc(G)'^'''") is at least two. 

We can apply the Serre spectral sequence to the principal F-bundle 

71 : i^\Mc{GYn C M'ciGY^ 
in Lemma 16.21 and get the following exact sequence: 

— y H\r, C*) — y H\Mc{GY''\ O*) — y H\mI,{GY', O*) 

H\T, C*) BiiMciGY''") Bt{mI.{GY'). 
It remains to show that the above homomorphism 

(6.6) Bt{Mc{GY''') BiiM^ciGY") 

is surjective. 

Let M^ciGY C M^ciGY' be the open sub-stack that lies over -f^\Mc{GY''')- The 
moduh stack Jlic{T^i{GY of principal 7ri(G)-bundles on G acts naturally on A^^(G')'. 
We note that A^c(7ri(G)) is a gerbe over F (defined in (16. 5p ) banded by 7ri(G). Since F 
is a finite group, this gerbe is isomorphic to F x B{iti{GY- Fixing such an isomorphism, 
we construct an action of F on AI^(G')' by restricting the action of A1c(7ri(G)). The 
quotient for this action 

MUGY/T ^ ^^\MciGYn/^ = MciGY''' 
is a gerbe banded by vri(G'). 
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Recall that the homomorphism ip^ in Theorem 15.41 is surjective, so Br(A^^(G)'^'^) is 
constructed from the gerbe 

(which is banded by Z^) using Hom(Zg, G^). We have shown that this gerbe descends 
to MciGY''^^. Hence the homomorphism in ( 16. 6p is surjective. □ 

Let J^c{GY'^^ be the open sub-stack of J^c{GY defined by the regularly stable prin- 
cipal bundles. The morphism to the coarse moduli space 

(6.7) p : Mc^Gf^'' MciGY''' 

is a gerbe banded by Zq, and we have the induced homomorphism 

(6.8) p* : BiiMciGYn ^ Br(A^c(G)') . 

Now the exact sequence in Lemma 14.41 can be used in relating the Brauer group of the 
smooth locus of the moduli space to the Brauer group of the stack. The kernel of the 
homomorphism p* in (16.81) can be computed using a result of |BHfl] which will be recalled 
below. 

Let \I' C Hom(Zg (g)^ Z^ , Q/Z) be the abelian group of all symmetric bilinear maps 

b : Z^x Z^ — > Q/Z 
that come from an even VT-invariant symmetric bilinear form 

■'^coroots ^ -^coroots ^ ^ • 

Let 

(6.9) ^(G) C ^ 

be the subgroup consisting of all elements b such that 6(7ri(G) x 7ri(G)) = 0. 
Given an element 6 G tti{G), let 

(6.10) ev^ : ^(G) — ^ Hom(Zg/7ri(G) , Q/Z) 

be the evaluation map that sends any b to b{6, — ) : Zq — > Q/Z. 

The following proposition (Proposition 7.4 in |BHfl] ) computes the weight map. 

Proposition 6.4. The kernel of the homomorphism 

p* : Br(Mc(G)^'^^) Bt{Mc{GY) 

is given by the Coker(ev^). 

This proposition and Theorem 14.51 together imply the following: 
Corollary 6.5. If G is almost simple and simply connected, then Br(Mc(G)'''^) = Zq. 
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7. A DIRECT APPROACH 



In this section we pursue the earher spectral sequence argument. 

Let G — > G be the universal cover, where G is semisimple. The kernel of this homo- 
morphism is identified with 7ri(G'). Define the finite group 

r := H\G, 7ri(G')). 

Lemma 7.1. There is a short exact sequence 

Lc(G)/7ri(G) ^ Lc{G) ^ L ^ . 

The quotient space Lc{G) /'Ki{G) has the homotopy type of G x Q{G)'^'''^^ 

Proof. Consider the short exact sequence of groups 

e 7ri(G) ^ G ^ G e. 

We have H\C - po, G) = [Hi], also H\G - po, 7ri(G)) = H\C, 7ri(G)). Therefore, 
from the long exact sequence of cohomologies associated to it, the exact sequence in the 
lemma is obtained. 

The statement on homotopy type of Lc(G)/vri(G') is a consequence of the fact that 
Lc{G) itself has the homotopy type of G x Q{Gf9-^ (see Theorem EJl) . □ 

Lemma 7.2. We have 

(1) H\BiLc{G)/n^iG)), e) = 0, and 

(2) H\B{Lc{G)/n,{G)), C*) = m^Gy . 

Proof. Since Lc{G) is connected (see Lemma [3.21) . 

7ri(5(Lc;(G)/7ri(G))) = 7ioiLciG)/miG)) =0. 

Hence the first statement follows. 

To prove the second statement, consider the product decomposition 

B{Lc{G)/7Ti{G)) = BGx B{QG)^^-^ , 

and apply the Kiinneth decomposition to it. The individual cohomology computations are 
done as follows. We have H\BG, C*) = and H\B{VlG), C*) = because tti{BG) = 
7io{G) = 0; also, 

ni{B{nG)) = noinC) = 7ri(G) = 0. 
These and Hurewicz isomorphism together imply that 

H\B{QG), C*) ^ Hom(7r2(5(^]G)), C*) and H\BG, C*) ^ Hom(7r2(SG'), C*) . 

Since '7i2{B{QG)) = 7ii{flG) = n2{G) = 0, and Tr2{BG) = nii^G), the second statement 
in the proposition follows. □ 

The following is a generalization of Proposition 13.41 
Proposition 7.3. With the above notation andV := H^{G, tti{G)), 
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(1) H\BLc{G), Z) = 0, and 

(2) there is a short exact sequence 

(7.1) ^ H\r, C*) H\BLc{G), C*)) 7Ti{Gy 0. 

Proof. The first part is a consequence of tlie fact that 

n,{BLc{G)) = MLciG)) = T 

is a finite group. 

For the second part, we use Lemma rO to realize the space B{Lc{G)/'Ki{G)) as a 
principal F-bundle over BLc{G). More precisely, 

5(Lc(G)/7ri(G)) = (ELc(G))/(Lc(G)/7ri(G)) ELc{G)/Lc{G) = BLc{G) . 

The Serre spectral sequence gives the following exact sequence 

H\T, H\B{Lc{G)/'Ki{G)),C*)) H\r, C*) ^ kernel[i/^(SLc7(G'), C*) ^ 

H\T, H\B{Lc{G)/m{G)),C*))] H\T, H\B{Lc{G)/it,{G))X*)) ■ 
As if^(-B(Lc(G)/vri(G)), C*) = (see Lemma 17^ 1)). this exact sequence reduces to an 
isomorphism 

(7.2) H\V, C*) ^ kernel[i72(5Lc(G), C*) ^ H^V , H\B{Lc{G) /^,{G)), C*))] . 

We have iJO(r, i/2(5(^^(G)/vri(G')),e)) = H\B{Lc{G) /^,{G))X*) = vri(G')^ by 
Lemma [7.2( 2). Therefore, to complete the proof it suffices to show that the homomor- 
phism 

(7.3) H\BLc{G),C*) ^ H\T, H\B{Lc{G)/7c^{G)),C1) = vri(G)^ 
in (17. 2p is surjective. 

Fix a point xq E C \ {po}, where Pq is the base point in (13. ip . Construct the group 
scheme 

n := LciG) XgG 
using the evaluation Lc{G) — > G at xq. Both the natural morphisms 

B{Lc{G)) ^ B{Lc{G)/Tii{G)) and B{H) ^ B{Lc{G)) 

are gerbes banded by 7Ti{G), while the natural morphism B{Lc{G)/'Ki{G)) — ^ B{Lc{G)) 
is an etale Galois covering with Galois group F. Note that we have a homomorphism 

Lc{G) -^U = LciG) XgG 

constructed using the evaluation Lc{G) — > G at a;o. This homomorphism produces a 
morphism 

d : B{Lc{G)) B{H) , 

and the diagram 

B{LciG)) Bin) 

a b 

BiLciG)MG)) ^ B{Lc{G)) 
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is clearly commutative. It is straight-forward to check that d produces an isomorphism of 
the gerbe B{Lc{G)) with the pulled back gerbe c*B{l-i). 

The gerbe B{Lc{G)) B{Lc{G)/tii{G)) and a character of tii{G) together produce 
a gerbe on B{Lc{G) / 'Ki{G)) banded by C*. In view of Lemma [7.2( 2). we know that all 
element^ of H'^{B{Lc{G) /ni{G)),C*)) arise this way. Since the gerbe B{Lc{G)) 
B{Lc{G)/'Ki{G)) is the pullback of a gerbe on B{Lc{G)), it follows that the homomor- 
phism in (17. 3p is surjective. □ 

The analogue of Theorem 14.11 for a general semisimple group is the following. 

Theorem 7.4. For any 6 G 7ri(G), the following exact sequence computes the Brauer 
group of the moduli stack of principal G-bundles over C: 

Pic{MciGY) ^ Pic(Qg) H^BLciG), C*) — > Br{MciGY) — > 0; 

the above group H'^{BLc{G), C*) is computed by the exact sequence in ( [7. 

Proof. The proof of the theorem follows the same steps as in the proof of Theorem 14.11 
namely the descent spectral sequence and the cohomology computations — which are now 
provided by Proposition 17.31 □ 

As the last step in the computation we prove the following. 
Proposition 7.5. The homomorphism 

p* : Bi{Mc{Gf'') Bi{Mc{GY''') = Bi{Mc{GY) 
in (16.81) is surjective. 



Proof. The above equality Bi{M.ciGY'^^) = Bi^AiciGY) follows immediately from 
Proposition 14. 3[ 

Let G — > G be the universal covering homomorphism; its kernel is 7Ti{G). We get 
an inclusion ni{G) C Z^, and the quotient is identified with Zq- There is a canonical 
inclusion of Zq 

Zg Lc{G)/n^{G) ^ Lc{G) 

(see Lemma mi) . 
Let 

Qi c 

be the open sub-stack defined by the inverse image of Aic{GY'^^ under the morphism 
in (16. ip . Choosing an element C G (LG)'^(C) as in Proposition 16.11 we get an action of 
the group Lc{G)/Zg on Qi such that the corresponding quotient is Mc{GY''^^. 

Consider the morphism p in (16. 7p . Since the fiber product Qi Xmc{g)^'^^ J^c{GY'^^ is 
identified with Qi x Z{G), we conclude, by taking cohomologies, that the diagram 

H\BLc{G), C*) ^ Bi{Mc{GY''') 



H\B{Lc{G)/Z{G)),C*) ^ Br(Mc(G')^'-) 
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is commutative. The upper horizontal arrow is surjective by Theorem 17.41 In view of 
the above diagram, to complete the proof of the proposition it suffices to show that the 
homomorphism 

H\B{Lc{G)/Z{G)), €*) ^ H\BLc{G), C*) 

is surjective. But this surjectivity follows by applying Proposition 17.3( 2) to BLc{G) and 
B{Lc{G) / Z{G)) and observing that the terms in the resulting two exact sequences match. 
This completes the proof of the proposition. □ 

Combining the above proposition with Proposition 16.41 and Lemma 14.41 we get the 
following. 

Corollary 7.6. For any semisimple G, there is a short exact sequence 

Coker(ev^) — ^ Br(Mc(G)^''^') ^ Bt{Mc{GY) — ^ 0. 

8. Computations for classical groups 

8.1. The cases of SL„ and PGL„,. Take a positive integer n, and take any d G [0 , n — 1]. 
Fix a line bundle on G of degree d. The twisted moduli stack A^^(SL„) is the moduli 
stack of vector bundles on G of rank n and determinant isomorphic to L^. Theorem 14.11 
and Theorem 15.21 imply that 

Br(A^^(SL„)) = 

for any d. 

By Proposition 16. 4| the Brauer group of M^(SL„)^^ coincides with the cokernel of the 
homomorphism ev^, and this can be computed to be Z/g.c.d.(n, d)Zi by Table 1 of [BHflj . 
This recovers the results of |BBGN] . 

For the case of PGL„, the exact sequence given in Theorem 16.31 or Theorem 17.41 repro- 
duces Theorem 1 of |BHg . 

The above approach also works for quotients of SL„ by finite subgroups of the center 

8.2. The cases Sp2„ and PSp2„. We have Br(A<^(Sp2„)) = for = , 1 by Theorem 
14.11 and Theorem 15. 2[ 

From Corollary Ei we have Br (M^(Sp2„)'') = Z/2Z. 
Proposition 8.1. Let d = 1. 

(1) Assume that n > 3 is odd. Then 

Br(M^(Sp2j-) = . 

The square of the generating line bundle on A1^(Sp2n) descends to M^(Sp2„)'''^ 
and generates Pic(M^(Sp2„))'^*^. 

(2) Assume that n > 3 is even. Then Br(M^(Sp2„)''^) = Z/2Z. The generating line 
bundle on A^c'(SP2n) descends to M^{Sp2ny^ '^'^'^ generates Pic(M^(Sp2„)''*^). 
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Proof. This follows by the combination of exact sequences in Theorem 15 .41 and Proposition 
16.41 The cokernel of the homomorphism ev^ is when n is odd, and it is Z/2Z when n 
is even by Table 1 of [BHfT] . □ 

Corollary 8.2. Let M^(Sp2„)'^'^ be the twisted moduli space of semistable Spg^-^^d/es. 
The variety M^(Sp2„)'''^ is locally factorial for odd n, and it is not locally factorial for 
even n. 



Proof. The Picard group of M^(Sp2„)'''' is always generated by the descent of the square 
of the generating line bundle on M.\;{^Y>2n) (see |BLSt p. 209, Proposition 11.2(a)]). 



Therefore, the corollary follows from Proposition 18.11 □ 



Note that 7ri(PSp2„) = Zsp^^ = Z/2Z. For d G 7ri(PSp2„), let 

A4c(PSp2j' C Mc{FSp,J 

be the connected component of the moduli stack of principal PSp2„-bundles corresponding 
to d. Similarly, 

Mc(PSp2j'''^^ C Mc(PSp2j'-^ 

is the connected component of the moduli space corresponding to the element d. The 
locus J^c{PSp2nY'^^ -^c(PSp2„)'^ of regularly stable bundles is an open sub-stack 
such that the complement is of codimension at least two. Hence the Brauer groups of 
A^c(PSp2„)'^ and Mc{PSp2nY''" coincide. 
Define 

r := H\C, /i2) 
(the 2-torsion points of the Jacobian of C). 

Proposition 8.3. Let d = or 1. If n > 3 %s odd, then Br(A^c(PSp2„)'^) = H'^iX, C*). 
Ifn>3 IS even, then Br(A^c(PSp2n)'^) = ^^(P, C*) © (Z/2Z). 

Proof. Let If^'^^ C M^(Sp2„)'^'^ be the Zariski open subset defined by the inverse image of 
Mc{PSp2nY''^^ ■ The codimension of the complement of f/'^'''^ is at least two. To prove the 
proposition one can use both the approaches used here. For example. Theorem 16.31 gives 
the following exact sequence 

(8.1) ^ Z/mZ H\T, C*) — ^ Br(Mc(PSp2„)'^'''') Br(f/'^''"^) 0, 

where m is the smallest power of the generating line bundle on If^'"^^ which descends to 
the moduh space Mc7(PSp2„)'^'''^ 

Since M^(Sp2„)'^'^ is smooth, and the codimension of the complement of U'^'^'^ is at least 
two, the homomorphisms 

Pic(M^(Sp2„)'^') ^ Pic(f/'^'''^) and Br(M^(Sp2„)''') ^ Br(f/'^''^^) 

induced by the inclusion U'^'^'^ ^ M^{^Y>2n)^^ are isomorphisms. 
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When n is even, by |BLSt p. 191, Proposition 4.2], the generating hne bundle on the 
affine Grassmannian Qsp2„ descends all the way to Mc{P^Y>2n)'^'^^ ■ Hence in this case we 
have m = 1 in f lS.ip . 

When d = with n odd, the generating line bundle on the affine Grassmannian 
descends to Mfl(Sp2„)'^'^ (see Proposition 18.11) . but it does not descend to Mc(PSp2„)°''''^ 
by [BLSl Proposition 4.2]. Hence in this case we have m = 2 in (18. ip . 

If d = 1 with n odd, then the smallest power of the generating line bundle on the affine 
Grassmannian which descends to M^(Sp2„)'^'^ is 2, and also 2 is the smallest power of the 
generating line bundle on the affine Grassmannian that descends to Mc(PSp2„)°''^'^ (again 
by Proposition 18.11 and |BLSt Proposition 4.2]). Hence m = 1 in this case. 

li d = 1 with n odd, then the above observation and Proposition 18.11 together imply 
the proposition. 

In the remaining cases we get a short exact sequence of the form 

(8.2) — > (Z/2Z)^ — > Br(Mc(PSp2„)'^''^') — > Z/2Z — > 0. 

To complete the proof of the proposition it suffices to show that the sequence in (18. 2 p 
splits. The exact sequence splits if the generating Brauer class of M^(Sp2„)'^'^ (when it is 
non-trivial) is the pull back of a two-torsion class in Br(Mf7(PSp2„)'^''^^). But this was 
proved in Section [6] (see the proof that the homomorphism in ( 16. 6p is surjective). □ 

8.3. The cases of Spin„, S0„ and PSO„. The center ^spin„ of Spin„ is Z/2Z when n 
odd, and it is Z/4Z or Z/2Z x Z/2Z depending on whether n is of the form 4Z + 2 or Al. 
Take any 5 G Since the Dynkin index of the standard representation of Spin^ in 

SL„ is 2, the Picard group of the twisted moduli stack A^^(Spin„) is generated by the 
Pffafian line bundle P whose square is the determinant bundle of cohomology. 

By Theorem 14.11 and Theorem 15.21 

Br(A^S(SpmJ) = 0. 

Proposition 8.4. (1) If 5 G Zgpin„ is zero, t/ien Br(M^(Spin„)''") = ^spin„- 

(2) Assume that n > 4 zs odd. Then Br (M^(Spin„ )'''') = Z/2Z. The Pffafian bundle 
descends to M^(Spin„)'^'^ and generates the Picard group Pic(M(3;(Spin^)'''^). 

(3) Assume that n = Al + 2 > % and 5 = I or 2, mod (4). T/ien Br(M^(Spin„)'^") = 
0. The fourth power of the Pffafian bundle descends to M^(Spin„)'''^ and it gener- 
ates the Picard group Pic(M^(Spin„)'''^). 

(4) Assume that n = 41 + 2 > 8 and 6 = 2 mod (4). Then Br(M^(Spin„)'''^) = 
Z/2Z. The square of the Pffafian bundle descends to M^(Spin„)''^ generating 
Pic(M^(SpinJ-). 

(5) Assume that n = Al > 8 and 6^0. Then Br(M^(Spin„)'''^) = Z/2Z. The square 
of the Pffafian bundle descends to M^(Spin^)''^ generating the Picard group. 



Proof. In view of Proposition 16. 4[ this is a straight-forward calculation using Table 1 in 
[BHfl] . □ 
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For the case of S0„, note that 7ri(S0„) C ^spin„- For any S G 7ri(S0„), let 

MciSOr^Y C >lc(SO„) 
be the connected component corresponding to 6. Similarly, let 

be the connected component corresponding to 6. 
Define 

r := H\C, 7ri(S0„)^). 
Proposition 8.5. Let n > 8. Take any 6 G 7ri(S0„). 

(1) 7/5 = 0, then 

BriMciSOnfn = H\V', C*) © Z^^^^^ . 

(2) IfS^O, thenBT{Mc{SOnY''') ^ H^{V', C*) © Z/2Z. 

(3) We have Br(7Wc(S0„)'^) ^ H'^{V\ £*) © Z/2Z. 

Proof. The proof is very similar to that for Sp^ as done in Proposition I8.1[ 
For any 5 G 7ri(S0„), let 

U'^'^ C M^(SpinJ- 

be the Zariski open subset given by the inverse image of Mc(SOn)''''''^. The codimension 
of the complement of U^'^^ in M^(Spin^) is at least two. Now Theorem 16.31 gives the exact 
sequence 

(8.3) ^ Z/mZ ^ H^{T\ C*) Br(Mc;(SO„)^''^') ^ Br(f/^'^^) — ^ 0, 

where m is the smallest power of the generating line bundle on JJ^'^^ which descends to 
Mc(S02)'^''"^ 

We will show that the integer m defined in (18.31) is 1. This amounts to showing that the 
generating line bundle on M^(Spin„)'''^ descend to the quotient Mci^^OnY'"^^ = U^''^^ /V . 

If (5 = 0, this follows from the existence of the Pffafian bundle. 

Assume that 5 7^ 0. We note that Proposition 18.41 gives the smallest power of the 
Pffafian bundle which descends to M^(Spin„)'''^ from the moduli stack A^^(Spin„). Hence 
it is enough to compute the smallest power of the Pffafian bundle on the moduli stack 
Al^(Spin^) that descends to Mc{^OnY''^^ ■ To calculate this, we again use Proposition 16.41 
and the Table 1 of |BHfl] ; we explicitly check that the smallest power of the Pffafian bundle 
that descends to Mc{^OnY'^^ coincide with the power that descends to M^(Spin„)''^ 

Let 

(8.4) H\V\ C*) Bi{Mc{^OnYn ^ ^Spi„„ ^ 0, 
be the exact sequence obtained from (18. 3p . 
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To conclude parts (1) and (2) of the proposition, we still need to show that the exact 
sequence in (18 ■4p splits. The proof of this splitting is identical to the case for Sp„; the 
details are omitted. 

For the last part of the proposition, we use the existence of Pffafian bundle to conclude 
that the homomorphism 

H^iBLciSOn), C*) ^ BriMciSOnY) 

in Theorem 17.41 is an isomorphism. Now Proposition 17.31 gives an exact sequence 

— > H\r', C*) BT{Mc{SOnY) Z/2Z ^ 0. 

This sequence splits by using the argument for splitting of the exact sequence in (18. 4p and 
Proposition 17.51 □ 

For the case of PS02n, the components of the moduli space are parametrized by the 
center Zspm2„- Since PS02n is of adjoint type, the Brauer groups of Mc{PS02nY''^^ and 
M.c(P^02nY can be identified as before. Define 

r, := H\C, Zl^J and B = H\V,, C*) ■ 

Using the above methods and the description of the Picard and Brauer groups as done 
in Proposition 18.41 and |BLSt Proposition 5.5], we get the following proposition. 

Proposition 8.6. Let n > 4. We have BT{Mc{PS02nY''') = {B /A2n,s) ® , where 
the groups A2n,s is computed as follows: A^^^s = (respectively, A^n^s = 0)if6 = 

(respectively, ^ Oj, and A4n+2,s = Zi/4Z (respectively, A4n+2,s = TLjTL) if 6 is mod (4) 
(respectively, 2 mod {4)), and Ain+2,5 = otherwise. 

There is a remaining classical group Vt^n for n > 3 defined by taking quotient of Spin4„ 
by a central subgroup of order 2 different from the one that defines S04„. There are two 
choices for such a sub-group and they define isomorphic groups. 

We can use the methods described above to determine the Picard and Brauer groups 
of the moduli spaces of VL^n bundles, and we get the following. 

Proposition 8.7. (1) We have Br(Mc(n4n)'''''') = H'^{T, C*) © Z/2Z. The square 
of the Pffafian bundle descends to MciP-inY'^^ generating the Picard group. 
(2) We haveBi{Mc{ytinY) - ^^(r, C*)©A4„,d, where Ain,d = zf either d = or 
n is odd, and Ain,d = Z/2Z otherwise. The Picard group of Aici^in) is generated 
by the descent of the Pffafian bundle if n is even with d ^ 0, and in other cases 
Pic(A^c'(^4n)) i^ generated by the descent of the square of the Pffafian bundle. 

The two exceptional groups Eg and Ej have nontrivial center. Using Theorem 17.41 and 
Corollary 17. 6l the Brauer group of the moduli space and the moduli stack for corresponding 
adjoint type groups can be computed as above. 
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